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One-dimensional or nearly one-dimensional unstable motions of perfect gas
are considered, Integrals admitted by the system of equations defining such
motions are examined, Since the existence of integrals is associated with some
law of conservation,i.e. with some divergent form of presentation of equations
of the input system, it is possible by examining all divergent equations of gas-
dynamics to derive certain new integrals not previously considered.

1. As the basic system we select the continuity equation, the Euler equation, and the
equation of energy conservation
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where subscripts § and % assume the values 1, 2, 3, and recurrent subscripts indicate
summation,

Below we refer to certain equations as being of divergent form, if their variables ap-
pear as derivatives, e. g. Egs. (1.1) —(1.3). Equations of divergent form are also called
laws of conservation,

Instead of Eq, (1.3) it is possible to use the equation of conservation of entropy of a

particle P
=0 S=% (1.4

We denote by A (S) an arbitrary function of § and by A’ (S) its derivative with
respect to §. We multiply Egs. (1.1) and (1.4) by 4 (5) and pA (S) , respectively,
and add the results, We obtain

9pA(S i}
—7;—2- + 3;:(9”1:14 (8)=0 (1.5)
Equation (1. 5) is of divergent form and contains an arbitrary function of entropy.

Let us transform Eqs. (1. 1) and (1.2). For convenience we introduce the following

notation:
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where subscripts @ and f§ assume the values 1, 2, 3, 4. With the use of these new vari-

ables we combine Eqs. (1. 1) and (1,2) and write these as
) (PUa“’er + 8q3p) =0 (1.6)

We introduce one more subscript ¥ = 1, 2, 3, 4. Multiplying Eq. (1.6) by z,” and
subtracting from it Eq. (1. 6) written with subscripts § and y and multiplied by 2.,° ,

we obtain
zy° 5 5 (Pva"vg” + 6043}7) — 5

a o
7z, (ov°ve° —bygp) = 0 (L.7)
We transform the fn'st term of Eq, (1. 7) to
a ° o ] o
aTB""(va Vo'V’ -+ 24°82pP) — PU°Vy" — Byap
The second terms is similarly transformed. Taking into consideration the symmetry of
8ay (Bay® = 042°), we finally obtain
3 o. o o ]
9z,° [0vp° (240’ — 7a°0+") + (Bapzy® — 8.p%.") p] = 0 (1.8)

Taking into account that the left-hand part of (1. 8) contains an antisymmetric matrix,
we conclude that (1. 8) generates six divergent form equations. Three of these defined
by subscripts (@ = 2, y = 3), (@ = 2, y = 4) and (& = 3, y = 4) are the equa-
tions of conservation of the vector of the motion moment of momentum. The projection
of one of these on the x4 -axis in scalar form is defined by

57 [0 @ — 2] + 5 lowy (w2100 + 2] (1.9

—— [pvy (Zevy — T10y) — 71 ] + 5o [ovs (U1 — 2y0y)] =

To obtain the remaining three equations it is sufficient to use subscripts (@ = 1, y =
2), (@ =1, p.= 3)and (@ = 1, y = 4). The equation corresponding to the first
pair of subscripts written in scalar form is

*8—‘ {P (zy — tv))] + ‘ﬁ— [901 (x1 — tvy) — tpl + (1. 10)
e [F’Uz (z1 — )] + 5 10U (@, —tvy)] = 0

For any arbitrary number. » the number of equations of divergent form reduces to
Egs. (1. 1)— (1. 8),(1.5) and (1. 8); at certain values of x namely x» =3 for one~
dimensional unstable flows with plane waves, x == 2 for two-dimensional unstable
flows and % = 3%/, for three-dimensional unstable flows there are two more supplemen-
tary equations [5, 6]. The first of these is obtained by multiplying Eq. (1. 2) by —/a2;,
Eq. (1.3) by 7, and adding these

j—- (—-— tpr® + 5 tp -5 P%W) + (1.11)
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3 Py, 5 1 1
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The second equation is obtained as a combination of all Egs, (1.1) — (1. 3). By multi-
plying Eq. (1.1) by ¥/,z:?, Eq. (1.2) by —a;t, and Eq. (1.3) by ## and adding these, we
obtain

57 [ 7 e — tomw, + (o0 + 5 p) | + (1.12

a3 r1
Bz, [‘2‘ v — 1y (pV3vx + Oyp) + v (*;‘ pu® + —2— P)]= 0

2. Let one of the equations that define the motion of gas be of the divergent form
oF 0D,
wTalny Bz, — 0 (2.1
Let us determine the derivative with respect to time of the integral of quantity F
taken over the mobile volume V (f). Using (2. 1) and the Ostrogradskii-Gauss formula,

we obtain d
W&VW=&MLwM“WW”WWW (2.2)
140}

where the following notation is used; 2 is the surface bounding volume V (t), ds is
an oriented element of surface X, & is the vector of a normal to surface X, and N is
the displacement velocity of element dg.

We pass now to unstable motions. Let the equation which specifies the position ry (¢,
@, ¥ of the shock wave propagating through the initially cold quiescent gas for con-
siderable times ¢ be of the form

ra=(bt) (1 + VR 4 .. (2.3)

where b is a dimensional constant; n and m are some positive integers; values of pa-
rameter v are 1, 2, 3 depending on the dimensionality of the problem, and the quantity
R, can be either constant or a function of angular variables ¢ and 9. For the investi-
gation of perturbations of cylindrically symmetric motions we use the polar system of
coordinates r, @,and for spherically symmetric motions, the spherical system of coor-
dinates r, ¢, ©. We denote by v,, and V- the velocity vector components which are nor-
mal and tangent to the surface of strong discontinuity,and by N the shock wave propa-
gation velocity.

If we denote the state of gas immediately ahead of the wave front by 1 and that be-
hind it by 2, the Rankine-Hugoniot conditions assume the form

vﬂﬂ:,‘_z_*_{N’ Uig =0, P‘z:‘——:t: P1 p,=x—_2i—_Tp1N2 (2.4

Let us first consider the case of R = const = 1. It is possible inthat case to seek
the solution of problem (2. 3) of gas motion behind the shock wave in the form of series
in decreasing powers of ¢ with coefficients that are functions of the variable A=7r/(bt)".
Since only the radial component v, of the velocity vector is nonzero, hence

v, = T%_:T Pt If (A) + g2m i (v42) )+ -+ -] (2.5)
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Substituting expansions (2, 5) into the system of Egs. (1. 1) —(1.3) and collecting terms
of like powers of £, we obtain a system of equations for functions of the first (f,
& k) and secand (fm, @ms hm) approximations . First approximation functions
define self-similar flows whose general method of analysis was formulated by Sedov
[1]; the system of ordinary differential equations which défines such flows appears
in [7] . Second approximation functions were investigated in [4] where the system
defining these is presented,

If we pass to the variable A , formula (2, 3), which determines the shock front position,

assumes the form Ay = 1 4 o) L (2.6)

Let us take the volume contained between surfaces A = Agand A4 = const &s the
mobile volume V () . We denote by £ the terms in the form of derivatives with re-
spect to time in any of the divergent form equations (1. 1),(1. 3),(1.5),(1, 11) and (1.12)
in the general case, and in (1. 2) and (1, 10) in the case of flows with plane waves (v =
1). Then, substituting functions (2, 5) into (2. 2) and collecting terms of like powers of

t, we obtain -
’ S&x FdV = t'Fy (A, Ag) + 172/ CDR, () M) 4 o (2.7
Vi)
where ¢ depends on n, v and the form of F; F, and F, are one-dimensional integ-
rals with limits of integration from A to A,, with F; depending on first approximation
functions and F, on functions of the first and second approximations.
Similar transformations of the right-hand part of (2. 2) yield

SES (NiF — D) dog = 1712, (3, hy) 4 £33/ ez (g gy 4

where Z, depends on first approximation functions and Z, ‘on first and second approxi-
mation functions; both Z, and Z, independent of derivatives or integrals of related
functions. h

Selecting ', n and v so as to have ¢ = 0, we immediately obtain a finite relation-
ship for first approximation functions, since in (2, 7) the terms associated with first appro-~
ximation functions vanish after differentiation with respect to time. As the result we have

Zy(MAy) =0 (2.8)

Formula (2. 8) satisfies boundary conditions (2. 4), since the shock wave (2. 6) is taken as
the boundary of the mobile volume V () ; on the other hand, it is not difficult to obtain
(2. 8) in the form of the first integral by substituting for A4 some other A,,

Selecting F from Eqs, (1. 1) and (1. 3), and determining the corresponding » and v
from the condition g = () , we obtain the integrals of self-similar motions [1], namely,
the integrals of mass and energy that exist only for completely determined n and v.
The integral generated by Eq, (1. 5) (the adiabatic integral [1}]) exists for any n and v,
since condition ¢ = () can be always satisfied by an appropriate selection of 4 (S).

In the case of flows with plane waves (v == 1) Eq.(1.2) generates the momentum
integral {1], Equations (1. 10) and (1. 12) are unimportant for the derivation of the first
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approximation functions, since the condition ¢ == U becomes in that case n = (.
Equation (1. 9) is applicable to expansions of other forms than (2, 5) ; more will be said
about this subsequently, There remains Eq, (1, 11) for which the condition ¢ = 0 gene-
rates n = 1/ (v 4 2); on the other hand the divergent equation (1. 11) itselt holds
(with the use of v) for x = (v ++ 2) / v. Introducing the arbitrary constant C,, we
write (2, 8) in the form of the first integral

] 2
(ot g (=22 0) + b — =9
W_H%Lﬁu[gf(r—l—#*)**%‘h]:%
k= +2)[v h=1/(v+2)

Integral (2. 9) is of a fairly simple structure, It consists, as Eq, (1. 11) that generates it,
of two parts, with the first two terms corresponding to the energy integral, and the last
to the momentum integral [1] mutiplied by A. Integral (2. 9) complements the set of
first integrals of self - similar motions of perfect gas [1], furthermore, since the number
of divergent forms is limited to those defined above [6], there are no other first integrals
determined by laws of conservation,

Let us consider second approximation functions, We again select F, n, v and m so

that g—2m/(v+2)=0 (2.10)
which yields the final relationship
Zy(hy M) =0 (2.11)

for the second approximation functions, This relationship may be reduced to the form
of the first integral by substituting A, for A,.As in the case of first approximation func-
tions, Eq, (1. 5) genemates an integral for any m [2, 3]. The integrals for second appro-
ximation functions for Egs, (1. 1) — (1. 3) were considered in [4].

Let us first consider Eqs, (1. 11) and (1, 12), Selecting F in conformity with Eq, (1.11),
we obtain that condition (2, 10) is satisfied for m = (v + 2) (v + 2) n — 1]/ 2.
We introduce the arbitrary constant €, and present (2, 11) in the form of the first integral

x(zgffm+fggm+h”)—7—v?f[(3ﬁ ¢ +1i'2’h>/m+ (2.12)
Pon+ Y2 ] — YL [ (e + fm) —
7 (28I + PEm +Th,,,)]~_. KT

PR v

The structure of integral (2, 12) is the same as that of integral (2, 9) : the first twoterms
corresponding to the linearized energy integral, and the last to the linearized momentum
integral [4] multiplied by A.

Equation (1, 12) of divergent form with condition (2. 10) yields formula (2, 11) which
with the use of constant Cy may be readily written in the form of the first integral

() e [rem — 1 et fom) |— 2D A b et fEm)— (2.19)

1 (28 + P&m + - ) |+ A @8+ i+ ) —

wrrl(3re + 22 h )fm+f=*gm+"1*;2 fhm] = =2




1022 E.D.Terent'ev

x=0n4+2)/v, m=n{kv-+22/2
In conformity with the generating equation (1, 12) the integral (2, 13) consists of linea-
rized integrals of mass multiplied by A?, of momentum muitiplied by A, and of the en-
ergy integral [4].

Equations (1. 9) and (1. 10) can only be used for the derivation of final relationships
for functions (2, 5) in the case of motions with plane waves, Equation (1. 9) generates
the momentum integral, and Eq, (1. 10) generates for second approximation functions
and for any % the new integral

2550 [hem — 5 (6 + fom) | — (2.14)
AU+ 8/m) — 5 (418 + 28 + (6~ D) i) | = C

v=1, m=3n
where C, is an arbitrary constant. The first term of the integral corresponds to the line~
arized integral of mass multiplied by A, and the second to the momentum integral [4].
For cylindrically symmetric shock waves (1, 3) (v = 2) it is, also, possible to use Eq.
(1 10), As was done in [4], we set R, = cos ¢ for analyzing the equation of momen-~
tum conservation and obtain the following expansion of the unknown functions:

vy = + g VW) A+t (M) cos@ - - -]
bh ™ 2y, (M) sin @ + -

Vo = u—{—i

p= ii—pllg(h)Jr " g (M cos @ 4 - -]
p= +1 b D R (A) + £ PRy (M) cOS @ + -+ 1]
The system of equations which is satisfied by second approximation functions appears

in [4], Using the method indicated above and introducing the arbitrary constant (', for
the second approximation functions we obtain

uzJ; 33 [7"3'" - %T (8fm + fgm)] — [7» (8fm + f8m — BUm) —  (2.15)
o (481 + 2 — 28fum + (i — D) | = 5L, m=bn

For spherically symmetric shock waves (2, 6) Eq, (1. 10) yields in the first approxima-
tion an integral, if Ry = c0s ¥ is assumed. Expansion of the unknown functions must
be written in the form ,, net am /s
v = g BT 4t ,..(A)cosﬁ+---]

Vo= —0rc b "I Sy (M) + -

u+1

Vg = + T B R Sy (M) sin® + -

P=T:1-P1[g () + 7 %, (M) cos® + .- -]

2% am ain- o is
P = %.,;—1 plb‘l t2(‘n 1)[h(h)+t2m/ hm(x)cosﬂ'_{_ ...]
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Introducing the arbitrary constant (,, we obtain

L0 [N — g @ 18| — [ 8+ S — 200 — (2,16

T 4efm + 2m — Hg0n + (0 — DB | = T2 m—10m

The structure of integrals (2, 15) and (2, 16) is the same as that of integral (2, 14), with
the first term comesponding to the linearized integral of mass and the second to the line-
arized momentum integral [4].

Equation (1, 9) of the divergent form yields for v = 2 and v = 3 the integral which
defines flows with conservation of the moment of momentum of flow; such flows cannot
be defined by expansions (2. 3) for the shock wave propagating in a quiescent gas, and
are not considered here,

The author thanks O, S, Ryzhov for advice and interest in this work.
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FLOWS OF A REACTING MIXTURE IN LAVAL NOZZLES
UNDER CONDITIONS OF A QUASI-FROZEN PROCESS

PMM Vol, 39, N 6, 1975, pp. 1068-1072
A,L,NI
{(Moscow)
{Received January 13, 1975)

Flows of a chemically active gas mixture are considered in a small region ofa
Laval nozzle, where their mode changes from subsonic to supersonic (the frozen
speed of sound is considered) are analyzed. Continuous solutions and solutions
with shock waves are derived. Conditions of shock-free flows are obtained,



